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A REGULARITY THEORY FOR
HARMONIC MAPS

RICHARD SCHOEN & KAREN UHLENBECK

0. Introduction

In this paper we develop a regularity theory for energy minimizing harmonic
maps into Riemannian manifolds. Let u: M" - N* be a map between Rieman-
nian manifolds of dimension n and k. It was shown by C. B. Morrey [17] in
1948 that if n =2, then an energy minimizing harmonic map is Holder
continuous (and smooth if M and N are smooth). Since that time results have
been found under special assumptions on N. Eells and Sampson [5] proved in
1963 that if N is compact and has nonpositive curvature, then every homotopy
class of maps from a closed manifold M into N has a smooth harmonic
representative. In the case where the image of the map is contained in a convex
ball of N, there is a complete existence and regularity theory due to Hildebrandt
and Widman [15] as well as Hildebrandt, Kaul and Widman [13]. Recently
Giaquinta and Giusti obtained results for the case in which the image lies in a
coordinate chart [9], [10}.

In this paper we show that a bounded, energy minimizing map u: M" — N*
is regular (in the interior) except for a closed set & of Hausdorff dimension at
most n ~ 3. We also show & is discrete for n = 3. Moreover, we derive
techniques (see Theorem IV) for lowering the dimension of S under the
condition that certain smooth harmonic maps of spheres into N are trivial.
This can be checked in some interesting cases, for example if N has nonpositive
curvature or if the image of the map lies in a convex ball of N, we show & = @
and any minimizing harmonic map into such a manifold is smooth. Using our
methods, it is possible to reduce the dimension of & if N is a sphere or Lie
group by studying harmonic spheres in N. Our methods work for functionals
which are the energy plus lower order terms, and thus have direct bearing on
the question of the existence of global Coulomb gauges in nonabelian gauge
theories.

We point out that there is a strong historical precedent for partial regularity
results in problems involving elliptic systems (see Almgren [1], De Giorgi [3],

Received January 26, 1982. Research of the first author was supported by the Sloan Foundation.



308 RICHARD SCHOEN & KAREN UHLENBECK

Giusti and Miranda [11] and Morrey [19]). Moreover, the types of singularities
which arise in this problem have been observed in connection with other
elliptic systems by De Giorgi [4] and others [11], and explicitly for harmonic
maps by Hildebrandt, Kaul and Widman [13]. We also observe that the
method we use for reducing the dimension of & is taken from H. Federer [7].

The problem which we deal with in this paper is to prove the regularity of
vector-valued functions which minimize the ordinary Dirichlet integral subject
to a family of smooth nonlinear (manifold) constraints. We use comparison
maps as was done by Morrey for n = 2. The major difference is that for n > 2
one cannot localize the problem in the image. Finding comparison maps which
satisfy the constraints is a major technical difficulty of this paper. If one
assumes that the image is a bounded domain in Euclidean space (without
constraints), the comparison construction is straightforward. Our methods
work for a restricted class of functionals because we need a scaling inequality
(see Proposition 2.4) to construct maps satisfying the constraints. In a second
paper we carry out a similar program to obtain complete boundary regularity
for solutions to the Dirichlet problem. The reason is that in this case the
obstruction to regularity is a harmonic map of a hemisphere which is constant
on the boundary, and one can show that such a map is trivial. This generalizes
previous results by Hildebrandt and Widman [15] and R. Hamilton [12] on the
boundary value problem.

1. Statement of results

Let M" and N* be Riemannian manifolds of dimension » and k. For
technical reasons we assume that N C R* is isometrically embedded in
Euclidean space. We assume throughout that M is compact, possibly with
boundary, and that N is an open manifold. For »r = 0 let C'(M, N) be the
space of maps u: M — N which have continuous derivatives through order r,
so that C’(M, N) C C’(M, R*) is a Banach submanifold. Likewise let
C"%(M, N) for « € (0,1] denote the subset of C'(M, N) whose rth deriva-
tives are Holder continuous with exponent .

In order to discuss harmonic maps from M to N, we work in the separable
Hilbert space L?(M, R*), the set of maps u: M - R* whose component
functions have first derivatives in L2 By L? (M, R¥) we mean those L? maps
which are zero on 3M. Define

L}(M,N)={u€ L}(M,R*): u(x) ENae.x € M}.

Note that if dim M = 1, then L3( M, N)is a Hilbert submanifold of L3( M, R¥),
but this is not so for dim M > 1. The set L3(M, N) inherits strong and weak
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topologies from L3( M, R*). Moreover, the space L3(M, N) is a strongly closed
subset with the additional property that the set {u € L} M, N): {lull,, < C}
is weakly compact in L3(M, R%).

For u € L3(M, R¥), the energy functional is given by

E(u) = fM<du(x), du(x)y dvV = fMe(u).

Here the Lagrangian e() is given in local coordinates by

o O W
e() = 3 Bg P 5 aa(det ) ax,
a,B i

where g, is the metric tensor of M. The norm on L3(M, R¥) is then given by
2 — i 2
ull?,= E(u) +f > (ui(x)) av,
M

where 4V is the volume element of M. A harmonic map u: M — N is a weak
solution of the Euler-Lagrange equation for E in L3(M, N) (see (2.1)).

For certain applications of our results we will need to consider critical points
of functionals with additional lower order terms. Let E(u) = E(u) + V(u)
where V(u) = {,, v(u). In local coordinates, v(u) will have the form

o(6) =| B S, u(x) S (x) + I(x, u(x))| V.

More invariantly, if O is an open neighborhood of N in R, theny € C'(M X 0,
T*M ® R*)and T € C"(M X O, R). By an E-minimizing map we mean a map
u € L3 M, N) such that E(u) < E(w) for any map w € L*(M, N) with
(u — w) € L2 (M, R¥). Throughout the paper we will assume that the metric
on Mis C?and y, T € C for r = 2. Our first result is a “sufficiently small”
type result. The explicit dependence on parameters is derived in detail in
Theorem 3.1. Here B,(a) is the geodesic ball about a in M.

Theorem I. Let u € L¥(B,(a), N) be an E-minimizing map such that u(x)
€ N, a.e. for some compact subset N, C N. If ¢ and 6>~ "E(u) are sufficiently
small, then u is Holder continuous on B, ,»(a).

It is well known, but difficult to find in the literature (see [2]), that u is
smooth in the interior of B, ,,(a) once we have that u is continuous there.

For an E-minimizing map u, a point x € M is a regular point if u is
continuous in a neighborhood of x. Let R = R () be the set of all regular
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points and & = $(u) be the complement of & in the interior of M. The singular
set S is then obviously a closed subset of int(M). The reader should refer to
[6,2.10.2] for a discussion of Hausdorff dimension.

Theorem I1. Let u € LX(M, N) be E-minimizing with u(x) € N, a.e. for a
compact set Ny C N. It then follows that dim(S Nint M) <n — 3 where n =
dim M and dim A is the Hausdorff dimension of a set A. If n = 3, then S is a
discrete set of points.

We state the next results as a theorem only to motivate our results. Recall
that a harmonic map is a weak solution to the Euler-Lagrange equations for E
on L3(M, N). Suppose u € L%, (R", N) is a map such that du/3r = 0 a.e.
Then there is a map w: S"~! — N such that u(x) = w(x/| x|), and it is easy to
see that # is harmonic if and only if w is harmonic. In fact E(u| B,(0)) =
(n — 2)" 6"~ 2E(w). Moreover, the map u has a singularity at 0 if and only if w
is not a constant map.

Theorem HI. Let u € L*(M, N) be an E-minimizing map and let z € § N
int M. There exists a sequence o, € R*, o, 0 such that the maps u; €
L3(B,(0), N), u,(x) = u(exp, 0;x) converge to u € L3(B(0), N). The map u is
a nonconstant harmonic map satisfying u(x) = w(x/|x|), w € L}(S""!, N)
harmonic.

A homogeneous harmonic map with an isolated singularity at 0 will be
referred to as a zangent map (TM). A tangent map which is E-minimizing on
compact subsets of R" is a minimizing tangent map (MTM).

Theorem IV. Suppose there is an integer | = 3 such that every MTM from
R/ > N is trivial, 3<j<1I Then if u € LM, N) is E-minimizing with
u(x) €N, a.e., then dim(S Nint My<n—I— 1. Ifn=1+1,then S is a
discrete set of points, andifn <!+ 1,5 = @.

This theorem has the following corollary which is closely related to the work
of Eells and Sampson [5] and Hildebrandt, Kaul and Widman [13].

Corollary. If the sectional curvature of N is nonpositive or if u(M) is
contained in a strictly convex ball of N, then & = @; that is, any E—mim'mizing
map u € L}(M, N) is smooth.

Proof. To prove the corollary from Theorem IV, it suffices to show that
any tangent map R/ - N for j = 3 is trivial; that is, any smooth harmonic
u: §/71' > N is trivial. But this is elementary because if N has nonpositive
curvature, we can lift  to a map i: S/~! - N where N is the universal cover of
N. Since the square of the distance function p to a point is strictly convex we
have that p? © u is a2.1 subharmonic function on §/~! which is hence constant.
Thus u is constant. The same argument works if u(M) is contained in a convex
ball of N. This proves the corollary.
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2. The Euler-Lagrange equation and scaling inequalifies
We compute the Euler-Lagrange equation for £ and show that E-minimizing
maps are weak solutions of this equation. As in the previous section, N, will be
compact subset of N.
Lemma 2.1. If u is E-minimizing on M and u(x) € N, a.e., then u satisfies
the formal Euler-Lagrange equations for E. These equations have the form
du’

(2.1) Apu—A(du,du) + EB,’u(x, u(x)) e

i,a

+ C(x,u(x)) =0,

where A, B, C are smooth in their arguments, and A is quadratic in du.

Proof. We will say that a map is stationary for E if dE(u(t))/dt|,—, for
any differentiable curve of maps u:(-g, &) > L3(M, R*) where u(t) €
L}(M, N), u(0) = u, and u(z) — u € L} (M, R*). Of course it is true that an
E-minimizing map is stationary. We will show that the space of admissible
variations {¢ = u’(0): u(t) satisfies the above condition} is large enough so
that u satisfies the Euler-Lagrange equation for E. Note that it does not make
sense to discuss differentiable curves in L3(M, N) per se because L(M, N)
does not have a local smooth structure.

Let O be an open neighborhood of N in R* such that the map II: © - N,
given by II(y) = nearest point in N to y, is a smooth fibration. Since Nj is a
compact set, O contains a uniform neighborhood of N,. Thus for ¢ sufficiently
small and any C* R*-valued function ¢ which is zero on M, we can define

u(t)(x) = 7(u(x) + to(x)).
Observe that for x € M the curve t > f(t) = u(¢)(x) is smooth for small ¢ and
f(t) = o(X)dII(u(x) + te(x)) is uniformly bounded. Moreover, du(z)(x) =
(du(x) + tde(x)) - dmw(u(x) + tp(x)) is smooth in ¢ for almost all x. We find

()l 2 = lle(x) - dM(u(x) + t9(x))l 5 < c(@)[1 + llaull, ],

and u(?) is differentiable in L2( M, R*). Note that

w(t)(x)|,=o = @(x) - dIl, sy,
where dT1 , is the tangential projection R* — T, N for y € N. Let

E(u) =280 u—dyyou+ (dyy du)+d,T

be the expression for the Euler-Lagrange equation of the unconstrained
problem. Then we have

GEWD) o = [ (B(). (o (x))) 7

- fM<Hu(x)(f5(u)), e(x))ydv =0
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for all . We find that, in a distributional sense, d11,,,6(u(x)) = 0. Because
dT1, (8 ,u) = Apu — d?m, (du, du) = Byu — A(du, du),

(A is the second fundamental form of N in R¥), the equations can be put in
the required form. We are not really interested in the exact form of the lower
order terms. This completes the proof of Lemma 2.1.

Our theorems will be proved by covering M with geodesic coordinate balls
and proving regularity for £-minimizing maps on balls. Let B, = B}(0) be the
unit ball in R". For A > 0, let %, denote the class of functionals £ on B, with
metric g, such that g, .(0) = §,, and lower order terms satisfying, for x € B,
u € N,,

2

(22)  whBr

3or8e(0)| + [¥(x, 0) | +] (3, )|
+ | T(x, u) |'V? + |d,T(x,u) |2 < A.

If u is E-minimizing for £ € 9, and u(x) € N, a.e., we say u € IC,. The lower
order terms are handled by showing that A is a dimensional constant which
shrinks with the radius of a coordinate ball. In fact, if E is a functional and
B (p) is a geodesic ball in M of radius o centered at p € M, we define a
functional £7°° on B, by setting

Ero(w) = [ (ldwl, + o(dw - v(y,w)) + 02Ty, w))gs/* dy
(2.3) By

= 627" Ejp (1),

where w(y) = u(oy) and g (y) = g(oy). Since M and N, are compact, we can
choose A so that E»° €%, for all p and some ¢ >0. It follows that if
EP° €4, then E»» € 4, , for any A € (0, 1]. We state the following.

Lemma 2.2. Given A > Q, there exists 6, > 0 such that for 0 < o < o, and
pE M, if u is E-minimizing, then w( y) = u(exp, oy) is EP-°-minimizing where
EP°eG,.

Thus we restrict our attention to E € ¥, where A is small. Let E be the
energy functional in the Euclidean metric on B,. Let E,, E, denote energies
taken over B,, 0 < ¢ < 1. The inequalities

| E(u) — E(u)|< cA(oEa(u) + 6"/2E (u)"/* + Ao")
<icA(oE (u) + 0" !)
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are straightforward provided Ae < 1. Consequently for 6 € (0, 1] we have
E(u) < (1 +cAo)E(u) + cho™!,
E(u) < (1 + ¢Ao)E (u) + cAo™",
provided cA < 3. We have the following,.
Lemma 2.3. If A is sufficiently small, and u is E-minimizing for E € 9, (i.e.,
u € I(,), then there exists a constant ¢ = c(n) > 0 such that for ¢ € (0,1]
E(u) < (1 + cAs)E(w) + cAo™!
foranyw € LY B,, N)withw =uon B, ~ B,.
Proof. Since E (u) < E_(w), this follows directly from the above inequali-
ties.
We can now prove the first basic inequality of the paper. We use the
notation

E(u) = fB EIRCOL S

(4

Proposition 24. Let u € ¥, for A sufficiently small. Then we have
0’ "EX(u) < c[pz""Ep"(u) + Ap]

forx €B,,,,0<e<p<i.

Proof. By rescaling as discussed above, we can work on B, instead of
B, /,(x). This will introduce at worst an extra multiplicative factor. For almost
all ¢ € (0,1] we have {,_,|du |* d¢ < oo where ¢ is a variable on the sphere.
Introduce the comparison map

0,(x) = u(x), |x]>0,
0,(x) = u(ox/| x]), |x|<o.

Since the result is trivial for n = 2, we assume n > 2. Denote by |d,u[* the
tangential energy along the spheres | x |= r, so that | du [* =|du|* + | 3u/dr %
We compute

E(v)=(n=2"a] _|deupd

-t | d _ ou
=(n—2) o(doE"(u) j]-x|=a PP di).
From Lemma 2.3 we get, with ¢ = cA,
E(u) <(1 +co)E,(v,) + co™ !
DR I RO VI B
< (n—2) o(1 + o) doE“(u) jl-x|=a - d§¢| + co™ 1.




314 RICHARD SCHOEN & KAREN UHLENBECK
This implies
g d

dg<— [(1+ &6)" 26> "E,(u)] + &

ou

24) o0<o>f e

|xj=6

Since E(u) is a nondecreasing function, we can integrate this inequality from
otop

(2.5) (1+¢0) 20> "E(u) < (1 + )" 0> "E,(u) + &(p — o),

where we have discarded the radial derivative term. This implies directly the
conclusion of Proposition 2.4. Note that ¢ is a constant times A.

If we take the radial derivative term into consideration in the above
argument we can prove more. Note that if we set u,(x) = u(Ax) for A € (0, 1],
then as in (2.3) we have u, € I(, , foru € J(,, and
(2.6) E(uy) = N""E,(u).

Lemma 25. There is a sequence A(i) —» 0, A(i) € (0,1}, such that u,
converge weakly in L3(B,, N) to a limiting map u, € L3(B,, N). The map u, is
a harmonic map satisfying du,/dr = 0 a.e. in B,.

Proof. From the previous result and (2.6), E,(u, ) is bounded for A € (0, 1],
and therefore we get a weakly convergent sequence u,.;, = uy € L3(B,, N).
Since uy;y € Hya, it satisfies Euler equations of the form (2.1).

It follows easily that u, satisfies the Euler-Lagrange equation for E and
hence u, is harmonic. To see that du,/dr = 0 a.e., first note that (2.5) implies
the existence of a number L, with

2.7 L, = limo? "E (u) = lim E,(u, ).
o—0 c—0

If we integrate (2.4) from O to A keeping the radial derivative term, we have

du

2—n
r
./;k or

By a change of variables

f r2—n
Bl

2
dx <[(1+ e\)"TIRTEN(u) — Lo| + @A

2

dx =./;kr2'"

2

du dx.

duy du
or

ar

Therefore we have

2

9
A gx =0,

or

hmf p2n
A-0Yp,

which implies that du,/dr = 0 a.e., for any weak limit u,. This proves Lemma
2.5.
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In §4 we will show that this convergence is actually norm convergence. To
do that will require some preliminary regularity results. The first is (see
Theorem 3.1)

Regularity Estimate 2.6. There exists € > 0 depending only on n and Ny C N
such that if u € Xy, A < ¢, and E\(u) <&, then u is Holder continuous on B, ,,
and satisfies |u(x) — u(y)|< c|x — y|* for x, y € B, ,, where ¢, a > 0 depend
only on n, Ny.

We first note that Theorem I follows immediately from this result by
rescaling, see Lemma 2.2. Secondly, we can immediately prove the corollary.

Corollary 2.7. Ifu € LY(B,, N) is in 3, and S is the singular set of u, then
K38 N B, ;) = 0. More generally, if u € LY(M, N) is E-minimizing, then
H"AS Nint M) = 0.

Proof. By rescaling, the second statement follows from the first. For
x €% N By ,,, choose normal coordinates y centered at x. Let u \(y) =
u(exp, A y). Then the maps u, , are in 3, , (see Lemma 2.2). By the regularity
estimate we have

(2.8) E<E(u,,)=N"" f | dul? dx

By(x)
for all x €& N By ,,, AA <& For 8 € (0,/A), let {By(x,),...,Bs(x,)} be a
maximal family of / = /(8) disjoint balls of radius & with center x; €& N B ;.
By maximality, $ N B, ,, C U’_ | B,x(x,). Applying (2.8) on each ball and
summing, we get

(2.9) 1872 < & f |dul? dx < e'E(u).

U, Bs(x.)
Since $ N B, , C U, B,y(x,), we see that I(""*(§ N B, ;) < cE(u). In par-
ticular 3"(U, By(x,)) < ¢82E(u), and by the dominated convergence theorem

lim |dul? dx = 0.
indY U,-Bs(xi)

Using this in (2.9) then shows 3"~%(§ N B, ,,) = 0.

3. The e-regularity theorem

In this section we prove regularity of minimizing maps under the assumption
that the energy is small. Precisely we prove

Theorem 3.1. There exists a constant & = &n, N,) such that if u € },,
A <& and E\(u) <&, then u is Holder continuous on B, ,, and [ u(x) — u(y)|<
c|x—y|*forx, y € B, ,, where a = a(n) > 0 and ¢ = c(n, Ny).
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We will prove this theorem by establishing energy decay estimates on small
balls. We first show that if & is chosen small, it is possible to approximate u by
smooth maps into N. To see this we let ¢: R” > R* be a smooth radial
mollifying function so that support (¢) C B, and fr- ¢(x)dx = 1. We then
note that if u* = f @(x)u(x)dx, we can apply a version of the Poincaré
inequality to assert

f |u— u* P dx < ¢ E\(u) < cé.
B,
(Throughout this section ¢,, ¢,, - - - will denote constants depending only on
n, N,.) This inequality implies in particular that «* lies near many values of
u(x) for x € B}. Hence in particular we see that dist(u*, N) < c¢,(£)'/2. This
inequality gains in power when it is combined with the scaling inequality
Proposition 2.4, for we can apply it on the ball Bj(x) for any x € B} ,,
0 < h < 1. That is, we apply it to the scaled map u, ,: Bf - N given by

u, 4(y) = u(x — hy).
By Proposition 2.4 we have

Ey(u, ) = h*"Ep,(u) < ¢ Ey(u) + ¢38 < ¢,

provided x € B, /5, h € (0, ]. Thus if we set

u(x) = [ 9()ulx—m)d = [ ¢W(x = 2)u(z) dz

T
where ¢")(x) = h™"p(x/h), we have
(3.1) dist(u™(x), Ny) < cs8/?

for any x € B, 5, h € (0, 1} Let O be a normal neighborhood of N in R¥, and

let II: O —» N denote the smooth nearest point projection map. Since N, is

compact, O contains a uniform neighborhood of N,. By (3.1), if & is chosen

small we will have u®*)(x) € © for all x € B, ,,, and we can define a smooth

map u,: B, ,, > N by u,(x) = II o u*)(x). We note the following result.
Lemma3.2. Leth = &/ and suppose h € (0, h]. Then we have

| du'™ P dx < ¢4E\(u),
B,

sup lu("_)(x) — u("-)(O) [2 < ceel/2.
XEBy
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Proof. The first inequality is standard. To prove the second, observe

|duP P (x) =| [ ¢ (x ~ y)du(y) |

< [ #P(x=y)|auf (7).
B,

By Proposition 2.4 this implies

| du™ | (x) < e;h™"Ep~,(u) < cgh™28 = cg'/?

for any x € B, ,,. This implies the second inequality and completes the proof
of Lemma 3.2.

In order to compare our approximating maps to », we must force them to
agree with u on the boundary of some small ball. To achieve this we observe
that inequality (3.1) is a pointwise inequality, that is, x is fixed and h
arbitrarily small. Thus we can choose 2 = A(x) and the inequality still holds
for each x. Let r = &/%, and suppose 8 € (1, ). We choose h = h(r), r =| x|
to be a nonincreasing smooth function of r satisfying

(3.2) h(ry=h forr<@,h(6+7)=0,|n(r)|<28/

We can then set
WH(x) = [ G (x = y)u(y) by,
By

and by (3.1), #,()(x) = II o u*)(x). We can prove the following result.
Lemma 3.3. For 6 € (7,3), the map u, is in L%(Bl/z, N) and satisfies
u,=uonB,,,~By,, and

A

54+~ By

| duy |2 dx < co | | du | dx.
9+2:~ Bp—r
Proof. Since II is a smooth map, it suffices to prove the lemma for u*)
instead of u,. We first note that by a change of variable, u*)(x) can be written

u®(x) = [ o(»)u(x = h(x)) .

From this expression it is clear that u® is smooth if u is smooth. We first
consider a smooth u: B, ,, — Rk If Q@ is a domain compactly contained in
B, _,, then we compute

qu® { du . _ dh _ ]
o —Llw(y) P (x —hy) e vu(x — hy)| dy.

X
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Thus it follows that
[lau®Pax<e,f [ @(y)|duf (x~ hy) dydx.
Q '3,

For x € @, we let z = x — h(x)y. This defines a map F,: @ — Q,_, where we let
Q, = {x:dist(x, @) < 1}. By (3.2) we see that F, is a diffeomorphism onto
F(£2) with Jacobian approximately one. Thus by change of variables we can
estimate

[lauf (x = h(x)y)dx <2 |duf dx.
[o3 Q.
Therefore we have

(3.3) /Q|du<'*> |2dx<c“‘/;27|du|2dx.

Now if u; is a sequence of smooth maps B, /4 R* converging strongly to u
in Li(B; /4, N), then (3.3) implies

[l — P Pax<c, [ |du—dulds,
By 2 Bs 4
and hence {u{"} is Cauchy in L(B,,,, R*). From this it follows that
im,_ o u{” = u®, and u® = u on B, ,, ~ By.... We can then apply (3.3) with
2 = B, . ~ B, to get the conclusion of Lemma 3.3.
In order to prove Theorem 3.1, it suffices by Morrey’s Lemma [16,2.4.1] to
prove that

r¥TEp oo(u) S cppr?e

for any x € B, ,,, r € (0, 3]. We will prove that if £ is sufficiently small, then
we have :
(34) r*"E(u) < c,pr®®

for r € (0, ). The previous estimate can then be gotten by reapplying (3.4)
with varying center point. We now state a result which is a discrete version of
(3.9).

Proposition 3.4. There exists € = &n, N,) > 0 such that if u € },, A <g,
and E\(u) < &, then we have

6> "E; (u) + 0A < 1(E,(u) + A)
for some § = 8(n, Ny) € (0,1).
Proof of Theorem 3.1. We show how Theorem 3.1 follows from Proposition
3.4. We will prove (3.4) by an iterative procedure. Observe that the scaled map
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ug(x) = u(fx) lies in JC4, and from Proposition 3.4 we have
E(u;) = 0*""E; (u) <&.

Thus Proposition 3.4 is applicable to u,, and we get

62 "Ez (ug) + 0°A < 3(E\(ug) + 7).
But this is the same as

(82’ "Ep(u) + 6°A < (8% "Es (u) + 60).
Applying Proposition 3.4 on the right we get
(62Y " Ep(u) + 0°TL < (3)(E\(u) + A).

Repeating this argument ; times we get

(8 "Es(u) + A <27 E\(u) + A)
for any nonnegative integer . Given any re (0, 1), there is an integer i so that
r €61, 6°]. Setting & = (log2)/(2log §7"), we have

(6P "E(u) + rA < (F)*(E,(u) + A)
for any r € (0, 1). This implies

r¥"E (u) < §*>7"2%22(E (u) + A),
which verifies (3.4). As we have observed, this proves Theorem 3.1.
Proof of Proposition 3.4. Let v be the solution of the linear Dirichlet
problem
Av =0, inB,,,
v=u® ondB, ,.

Thus o: B, ,, - R* is a smooth harmonic map. We observe the following
properties of v. First we note that by Lemma 3.2, u(B, 2) C Blss(u™(0)).
Thus it follows that the image of v is also contained in this ball. In particular
we have
(3.5) sup |v — u® P < ¢y8/2.
BI/Z
The mean value inequality for subharmonic functions implies the result
SuP|d'-’|2<014f | do .
Bya /2
Since v minimizes energy on B, ,, for its boundary, we have

[ aoP<[ PP <E(u)

By, By,
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by Lemma 3.2. Therefore, we have

(3.6) sup |dv |* < ¢;sE\(u).
B4

For any 6 € (0, 4] we can estimate
B7) 0P E(u;) < ¢, 87 "Ey(u®)
< 26,407 [ {|d(u® — o) ]2 + | do 2} dx,
By

where we have used the inequality (3.1) and the smoothness of II. By (3.6) we
see that

(3.8) 6>~ [ |do* < c,6%E,(u)
By
for any 8 € (0, ). Integrating by parts we have

/; | d(u™ — p) |2=—/;g (4P — v) - A(u® — v).

172 1/2
Using (3.5) and the harmonic property of v we get
(3.9) [ 1a(u® —v)p<c @[ |aud).
By /2 By 2

The Euler equation (2.1) for « tells us
8ui(x) = [ [8,9%(x = y)]u(y) &
RR

= [ 4,97 = »)]u(n) &

= /;n(p("-)(x ~ y)[4(du, du) — B du — C] dy.
From the form of B, C we conclude
| Au®(x) |< clgLntp(”—)(x — )| aul? + A] ay.
Integrating over x € B, ,, we finally have

f |Au(’;)|< co( E(u) + A).
B\,
Combining this with (3.7), (3.8), and (3.9) gives
(3-10) 02—"E0(uh') < 02002_"51/4(E1(“) + A) + c2002E1(u)
for any 8 € (0, %).
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_ Lety, €(0,1/16] be a number to be chosen depending only on », and let
g = & Let p be the greatest integer less than or equal to 6/(37) where
T = §/% and write

p
[0,0 + 3p'r] = Ui, | I;|= 3,
i=1
where each I, is a closed interval of length 3r. Since vy, < %, we have
p= 11/ — 1. We have

r
J |duPds=3 [ |duldx<E(u).
relf,8+3pr) i=1"r€l;

Thus we can choose an interval /; for some j with 1 <j < p such that

(3.11) f

r

o |du|? dx < pE\(u) < ¢y &/1°E,(u).
;

Let 4 be the number such that J;=[6 — 7,6 + 27], and let h(x) be as in
Lemma 3.3. Thus u,,(x) € L%(B,/Z, N) and satisfies u, =u for r =0 + 1,
and

f | duy, [ < szf | dul*.
r€(8,8+1] rel;
Thus by (3.11) we have
(3.12) f | duy |? < 58"/ V°E (1),
r€[8, 0+7]
By Lemma 2.3 we have
Eppr(u) < cyuEgp () + A",
since § + 1 < 24. By (3.12) this implies
Eg(u) < cpsEg(uy) + 358/ Ey(u) + c,5 80"
Combining this with (3.10) and using § € [4,28] we have
02 "Eg(u) < cp6(82778/16 + §2)(E\(u) + A,).
Since § = & this gives
027"Es (1) < cpp(8/1677n~2 + g2%)(E (u) + A).
We choose v, = min{[32(n — 2)]”', 647!} and hence
02~ "E; (u) < cpy8"(E,(u) + A).
This implies
627" Ej (u) + 0A) <(cyy + 1)&(E,(u) + 6A).
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Choosing & so small that (c,; + 1)&2™ < 1 finishes the proof of Proposition
34.

4. Extension and compactness theorems

In this section we study convergence of E-minimizing maps. This study
involves the construction of lots of comparison maps. Our basic tool is the
cone-type comparison already used in the proof of Proposition 2.4. For a fixed
point u* € R*, we introduce the notation

Wo(u) = [ |u—u*dx.
Ba

This notation will be used throughout this section. Recall that Eg(u) denotes
the energy taken over a region £ C R"; likewise Wy(u) = fo|u — u* |* dx. Let
C" = B! X [~0, 6] be the cylinder of height and diameter 20.

Lemma 4.1. Let u € L3(3C?, N) be given such that u(x,-6) = u,(x),
u(x, 0) = uy(x) for x € B}~ with u;, u, € L3(BI~', N). Suppose also that
u(x, t) = °u(x) for (x,t) € S*2 X [~0, o]. In particular we have u' = u* = °u
on 8Br~1=S8""2 with °u € L3(S'"2,N). Then there exists an extension
@ € LX(C", N), i = u on 3C?, satisfying the inequalities

E(#) < co(E,(u,) + E,(u,) + oE(°u)),
W(i) < co(W,(u,) + W,(u;) + oW(°u)).

Proof. By scaling the domain we assume o = 1. The easiest proof of this
lemma is to observe that there exists a bi-Lipschitz homeomorphism f: 0B} —
dC!* which extends to a bi-Lipschitz homeomorphism f: B — C? where f(x)
=|x|f(x/|x]). Let II: B ~ {0} — 9B} be the radial projection, i.e., II(x) =
x/| x| . Define a projection map I1: CI' ~ {(0,0)} = 9C7 by I =fo Il o L.
Then define # = u o 1. As in Proposition 2.4

E(dof)<(n—2"E(ucf).
Due to Lipschitz equivalence
E(@)<KE(iof), E(uecf)<KE(u)
with constant K depending on the Lipschitz constants of f~' and f. These
inequalities and a similar argument for W yields the results of Lemma 4.1.
Since our main extension lemma, Lemma 4.3, will be proved by induction on

dimension, we first give the result for n = 2 where the proof is quite different
and the result much simpler.
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Lemma 4.2. If u € L3S}, N) and E(u)W(u) < 8 for a number &, =
8,(Ny), then there exists 4 € L3(B2, N) with il |52 = u and

E(@) < c(E@W(w)'?,  W,(@) < coW(u).

Proof. As usual we take o = 1. Let 62 = E(u)W(u) so that §2 < §2. If S' is
parametrized by § € [0,27), then we have

|u(o)—u*|2<2f2”|u(0)—u*|[u'(e)|do<2a.
0

Thus if 8, is small, then min | ¥ — «* | is small. Let # be the (Morrey [18,5.4])
harmonic map minimizing F for boundary values given by u. Since 8, is small,
the boundary values of # lie in a convex ball (see Hildebrandt, Kaul and
Widman [13]), so it follows that flu — u*||,, < ¢,8'/2. The Euler-Lagrange
equation for # is

Au = A (du, di).
This implies the inequality (in weak form)

A7 — u* P — |daf = (i — u*, A;(dii, did))

> —ll@ — w*ll A4l | dZ P

Thus if 8, is small, we have A|# — u*|> = 0, so by the mean value inequality
W(z) < 1 W(u).

To get the estimate on E(iz), we compare # to Il o v, where v: B? » R* is
the solution of the linear Dirichlet problem with boundary values u and II is
projection from a normal neighborhood of N, onto N. By standard H, ,, norm
estimates, E(v) < ¢8'/2. Since # is minimizing, we have

E(i)<E(Ilov) < c;E(v) <82
This proves Lemma 4.2.

We now prove a higher dimensional version of this.

Lemma 4.3. For n =2 there exists § = 8(n, N,) and a constant q = g(n)
such that if € € (0, 1) is given and u € L%(aB;', N,) satisfies 0* 2"E(u)W(u) <
829 (note that W depends also on a fixed vector u* € R¥), then there exists
# € LY(B], N), #|yp» = u such that

E(i1) < cs(e0E(u) + e %~ 'W(u)),
W(#) < cse”%W(u).

Proof. First note that Lemma 4.2 implies Lemma 4.3 for » = 2 with

g(n) = 1 which proves the first step of our induction. Also, by rescaling we

take o = 1. The following lemma is part of our construction. We leave its proof
until later.
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Lemmadd. Leto € (0,3), A, = S"! X [~0, 6]. Assume Lemma 4.3 is true
for n—1, and let v € LX(S"", N) satisfy E(0)W(v) <0o?""%(8")? where
8’ = &8'(n — 1, N,) depends on the constants arising from Lemma 4.3 for n — 1.
Then there exists a combinatorial constant a = a(n) < 1, a constant K = K(n),
and a map © € LY(A,, N), Blsmix(o) =0, Dlsn-ingq =0 where v' €
LY(8™*™', N) such that

E(?) < KoE(v) + Ko™'W(v),
W(?) < KoW(v),

E(v') < o0E(v) + Ko 2W(v),
W(v') < KW(v).

We assume for now that Lemma 4.4 is true and proceed with the proof of
Lemma 4.3. Let e € (0,1) be given and choose an integer s with &’ ~¢
(a = a(n) given in Lemma 4.4) and a cylinder of height 20 = £. Consider the s
disjoint annuli 4, , given by

A4, ,={x€B;:1—2s<|x|<1-2(i - 1)o}
fori=1,---,s. Apply Lemma 4.4 on each of the 4, , by taking v = v; = » on
the outer boundary of 4, , and at the ith step v = v; = v;_, where v]_, is the
value on the inner boundary obtained via Lemma 4.4 at the previous step.
Note that as long as 256 = &5 < 3, each annulus 4, , is uniformly equivalent
(Lipschitz) to S*~! X [~0, 0]. In order to apply Lemma 4.4 we must have
E(v,)W(v,) < 0*"~*(8")?, but from the (i — 1)-st application we get

E(v;) < aE(v,_;) + Ko W(v;_,),
W(v;) < KW(v,_,).
By iteration this gives (provided k = 2)
E(v,) < &7'E(u) + 267 2K'W(u),
W(v;) < K7'W(u).
Thus we may continue s times provided
@1) KE(u)W(u) < 27048,
' 202K B TIW2(u) < 062748727,

We check these inequalities by noting
KS = gflnk/na o JnK/na oc=¢/2,
so that the first inequality is equivalent to
E(u)W(u) < cge®™ 4K/ ns( 57y,
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that is, taking ¢ = 2n — 4 — In K/Ina, 8(n, Ny) = ¢;/28’ in the hypothesis of
Lemma 4.3 for n. Now if the second inequality of (4.1) fails and the first holds,
we have K°E(u)W(u) < 2072K?**"'W?(u) which implies E(u) <
202K~ 'W(u). In this case we do not need to apply Lemma 4.4 at all since we
can extend u homogeneously into B, by #(x) = u(x/| x |), and we have
E(#) <eE(u) + 207K~ 'W(u)
< eE(u) + c,e 2R K/Meyy(y)

as required.

We can thus assume that (4.1) is true and that we have applied Lemma 4.4
s times. We then let #|,, = v;, the extensjon obtained at the /th state from
Lemma 4.4. We extend # into B,_, by setting #(x) = vJ((1 — se)x/| x ). This
gives a map # € L}(B,, N) with & |5, = u. By Lemma 4.4 we bave

E(i|4;,) = E(5,) < K(cE(v;) + o™ 'W(v,))
< K(oa''E(u) + 307 'K'W(u)),

W(@|4,,) = W(&;) < KoW(v,) < oK ‘W(u).

Inthe ball B]_,
E(u|B}_,) < E(v,) <« 'E(u) + 202K*W(u),
w(a|Bi_,,) < W(v,) < K" 'W(u).
Adding these up we get
E(i)< | '+ Ko é &V E(u) + cgo KW (u),

i=1

W(7) < ¢ K*W(u).

Since & + KoZ5_, & ' < (1 + 2K(1 — &) e = cge and K° = gltK/Pe we
get the conclusion of Lemma 4.3. _

Proof of Lemma 4.4. Tt remains to prove that Lemma 4.4 follows from
Lemma 4.3 for n — 1. Let x,," - -,x, be a maximal array of points on §"~!
satisfying | x; — x;|= o for i # j. By maximality, $*~' € UZ, B’~!(x,). For
each i < g, let 6, € [0,20] be chosen so that the restriction v; = v [aB;.i-n(x,_) lies
in L3(3BZ " '(x,), N) and

E(v) < "10"-1_/3,,_
2

1
s (X

|do* dp,
)

W(v,) < cloo'lf |o—u* [*dp.
BZ"a_l(xi)
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Let B, = B}~ '(x;) ¢ $"~. The existence of such ¢, follows from Fubini’s
theorem. We have

of T2E(v)W(v;) < ¢0* T2 E(0)W(v).

Thus we can apply Lemma 4.3, for € to be chosen, on B, provided
(4.2) 0 E(0)W(v) < (§ )¢,
where § = 8(n ~ 1, N,), § = g(n — 1). Let v} € L3(B,, N) be given by Lemma
4.3 satisfying

E(v]) < cp(e0E(v;) + %' W(1,)),

W(v}) < c,e”%W(v,).
From the choice of o, this implies

E(v)) < cl3(ef

BJy

(4.3) e
W(e)) < cpe? [

Bz":‘(":

 JavPdp+ e“qa‘zf
(x) B

=1
o (xi

)lv—u*lzdu ;
)lv—u*]zdp..

We also observe that since any point x € $"! is contained in a bounded
number (depending only on r) of balls B}, '(x,), we have

q
> et )] do > dp < ¢, E(v),
i=1 20 (%)
(4.4) v
et )| v — u* > dp < ¢ W(v).
i=1 20 (X

From the choice of x,,- - -, x, we see that there is a fixed integer , and families
®),- -, B, of balls such that

I’l
Ul B, ={B:i=1,--,q},
j=

and each ®; is comprised of a family of disjoint balls. Since $”~! ¢ UL, B,
we have 27_, E(v | B;) = E(v). Thus for some ®, say B, we have

(4.5) S E(v|B) = I;'E(v).
B,EB;
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Let 0 = U, .4 B, and define the extension & on (S"~' ~ 08 X [0, 6]) by
¥(x, t) = v(x). On each cylinder B; X [0, 6], apply Lemma 4.1 to get 0 €
L3(B; X [-0, 6], N) satisfying 5( x, 6) = v(x), B(x,—0) = v{(x), and 6(x, t) =
v(x) for (x, t) € (3B;) X [0, 6]. We have

E(7|B; X [-0,0]) <c¢;50(E(v|B;) + E(v)) + oE(v,)),
W(%|B; X [-0,0]) < c;s0(W(v|B,) + W(v}) + oW (v,)),
E(5](S" ' ~0) x[-0,0]) =20E(v|S""' ~0),
W(B|(S" ' ~0) X [-0,0]) = 20W(v|S"' ~0).
Therefore we have by (4.3) and (4.4)
E(%) < c40E(v) + ¢ %W (v),
W(T) < c g6 TW(v).
Let v’ = 5| S""! X {-0}, so that by (4.3), (4.4), and (4.5)

(4.6)

E(v)<E(v|S"'~0) + é E(v)

i=1

< (1 = I;')E(v) + cjseE(v) + 1,67 %072 W(v),

w(v') < W(v) + é W(v}) < c,6TW(v).

i=1

We now fix & so small that a(n) = (1 — I;! 4+ ¢,;¢) < 1. This fixes all con-
stants E(0)W(V) < 627~4(8")? with (8")* = ¢;}(8)?&?. This completes the proof
of Lemma 44.

The main application of Lemma 4.4 is to give a significant improvement of
Theorem 3.1. We now prove this.

Proposition 4.5. Given B > 0 there exists a constant g, = €i(n, Ny, B) such
that ifu € Iy, A < &y, E(u) < B, and W(u) < &, then u is Holder continuous
on B, ,, and |u(x) — u(y)|<c|x—y|* for x,y € B, ,, where a = a(n) =0
and ¢ = c(n, Ny).

Proof. By Fubini’s theorem, there exists o € [3, 1] such that

W(u|dB,) =faB |u — u* |? dE < 8W,(u) < 8¢,,

E(u|3B,) < 8E,{u) < 8B.

Applying Lemma 4.3 on B, there exists i € L(B,, N,) with #| 9B, = u such
that if W(u|B,) < 8~'62"~452eB"

E (1) <8¢s(e0B + %7 g;).
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Since u € (,, we can apply Lemma 2.3 to get
E (u) < (1 + cAo)E, (&) + cAo" ' < c5(eB + e7%,).

Fix ¢ so small that ¢,;eB < 27'g6" 2 where £ is given in Theorem 3.1. If ¢, is so
small that ce %, <27'86""2 and 8¢, B <87 '0?""*8%7 then we have
62 "E (u) < & oA < £ so we can apply Theorem 3.1 to assert that u is Holder
continuous on B, ,,. Proposition 3.5 now follows.

We now look at weak limits of minimizing maps. We cannot show that these
are again minimizing. Our first result is a compactness theorem which says that
weak convergence is actually strong. The key ingredient in its proof is
Proposition 4.5.

Proposition 4.6. Let {u;} C I, be a weakly convergent (in L?) sequence
with limit uy such that E\(u;) < ¢,y. Then u, is locally Holder continuous outside
a closed set S, with 3"~ %(8,) = 0. Moreover, u, converges to u, in L3-norm on
B, ,, and uniformly on compact subsets of B, /27~ -

Proof. Since the u; have uniformly bounded energy, we may assume they
converge in L?-norm to u,. By lower semi-continuity E,(u,) < co. Let §, be
the singular set of u,. We prove that § is small by noting that if W (u,) < £,0”
for some u* € R* and ¢, > 0 (¢, given by Proposition 4.5), by L?-convergence
we have W*(u;) < g,0" for large i. By Proposition 2.4, there exists B > 0 such
that 627"EX(u;) < B for all i. Moreover, if Proposition 4.5 is applied on a ball
of radius o, then the assumption on A is A <guo~! which is automatically
satisfied for o small. Thus we can apply Proposition 4.5 to u; giving us a
uniform Holder estimate on u; in B, ,,(x), and hence ; converges uniformly
on B, (x) to u, and u, is Holder continuous there. In particular, by the
Poincaré inequality, if 6> "EX(u,) is small, then u, is Holder continuous on
B, ;(x). Thus by the argument given in Corollary 2.7 we have 3C"~%(§,) = 0.
We have also shown that u; converges uniformly to #, on compact subsets of
B, 5~ &

To prove the L3-convergence of u; to u,, we now observe that we can cover
&y N B, /, by a family of balls {B,(x,)} such that Z, r"~? < g for any £ > 0. If
0 = U, B,(x,), we can estimate by Proposition 2.4

(4.7) Eo(u;) < zErfi(uj) = "202":'"—2 < €€

for any j. On the other hand, we have shown uniform convergence of ; to u,
on B, ,, ~ O so subtracting the Euler equations (2.1) for ; and u,, multiplying
by #; — u, and putting in a cutoff function we easily get

0| d(“j - u;) |2 ax<¢(0, A) _Sup luj — U .

1/2 B ,3~0
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Therefore we have from 4.7

f ld(u; — u, ) Pdx <cye+c(0,A) sup |u;—u,|.

B2 By~
Thus {«;} is a Cauchy sequence in L}(B, 2> No) which therefore converges in
L3-norm to u,. This completes the proof of Proposition 4.6.

Let 3(, 5 denote the set of maps u € I(, with E\(u) < B. Let §_CA’B denote
the closure of 3, , taken in L%(B,, N,). We now prove a strong version of
Lemma 2.5.

Proposition 4.7. Given u € ‘TCA’ pand xy € B, ,,, there is a sequence A(i) —
0, A(i) € (0, }), such that the maps u._,, € LYB,, Ny) defined by u,_ . (x)
= u(A(i)(x — x,)) converge in L3-norm on B} to a harmonic map u, € o,
satisfying duy,/dr =0 a.e. on B,. Moreover, the convergence is uniform on
compact subsets of B, ~ S,

Proof. Since u is a strong limit of minimizing maps, we get inequality (2.4)
satisfied for u and hence by Lemma 2.5 there is a sequence A(i) — O such that
U, aq) converges weakly to a harmonic map u, satisfying du,/dr =0 a.e.
Since u, 5y € Hyiya,ps it follows that there is &; € Iy, p With i, —
U aiylhiz <17 -, From this we see that @, converges weakly to u, and hence
strongly by Proposition 4.6. Therefore, {u, ,.,} converges strongly to u, and
we have proven Proposition 4.7.

5. Dimension reduction of S

We prove Theorems II and IV simultaneously in this section by adapting to
our setting a dimension reducing argument of H. Federer [7]. We first need
some preliminary results.

Lemma 5.1. Suppose | = 3 and u € L%, (R, N) satisfies g,u/3x' = 0 a.e.
Then there exists ug € L3, (R, N) such that u(x’, x') = u(x’) a.e. x' €
R~ If u is E-minimizing on each compact subset of R', then u, is E-minimizing
on each compact subset of R'™ 1.

Proof. Suppose on the contrary that v: B/™! —» N, satisfies v = u, on
3B/™! and E,(v) < E,(u,) — 7 for some 1 > 0. Let A > 0 be a large number
and consider a map ©: B/~ X [-A — 20, A + 20] = N, satisfying (x’, x') =
o(x") for | x'|< A and constructed by Lemma 4.1 on B{™! X [-A — 20,-A] and
B!~' X [A, A + 20] so that § = u on 3(B."! X [-A — 20, A + 20]) and E(D)
< 2AE,(v) + ¢ where ¢ depends on o, u, v. By the minimizing property of  in
R' ~ & we have

2\ + 406)E,(u) <2AE,(v) + c.
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Choosing A large we contradict the inequality E (v) < E_(u) — 7. This proves
Lemma 5.1.

The next result guarantees that, in a very simple situation, limits of minimiz-
ing maps are minimizing.

Lemma 5.2. Let u, € L},,(R', N,) with I = 3 be a harmonic map with an
isolated singularity at O such that u, satisfies du,/dr = 0 a.e. Suppose u €
L%JOC(R", Ny), n=1, is given by u(x’, x') = uy(x"), x’ € R, x” € R"™". Sup-
pose there is a sequence u; € 3 A, Such that u; converges to u in L¥(B,, N,) and
A; = 0. Then both u, u, are E-minimizing on compact subsets of R", R.. In
particular, u, is a minimizing tangent map (MTM).

Proof. We first show that % is minimizing. Note that because of the
homogeneity of u it suffices to prove the u is E-minimizing on B! X B} /. We
first prove a preliminary inequality. Suppose v, € L(B}, N,) such that v, = u,,
on 0B!. We will modify v, to make it agree with u near the origin. For any
8 > 0, define a map v; € L¥*(B!, N) by

v(x) for | x|= 6,
vs(x) = v(ai) for | x|< 8.
| x|
We then have
(5.1) Eg(vs) <8f | dv, |? dx.
3B}

For any ¢ € (0,27'6), define v; ,: B} — N by

vy(7, ) for r = 2¢,

5.7, &) = Juo(r, £) forr <e,

vs(p(r), &) fore<r<2e
where r, £ are polar coordinates in R’ and p(r) is the linear function
p(r)=(2—2&) — (1 —2¢)r.
Since uy(r, §) is independent of r and v, = u, on 3B, we see that v;, €
L3(B!, N,) and satisfies v;, = u, on 3B}, vs, = u, in B,. We now estimate
E\(vs,) < E(vs) + Euo) + [ |dos [P dx.
B22~Bz
By (5.1) and the homogeneity of « this implies

Ey(05,0) < Ex(vo) + 8 [ [ dog |’ + ¢Ey(uo)
8

(5.2)
+ | do; | dx.
Bj~B! ’
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We estimate the last term in two parts

vy, |° -3 f2€ 808 )
‘/;94:-8,’ or dx<e ./ .// ! (p, €)r~" dédr.
By change of variable this gives
vy, I° =2 1 81.76
o =< || (e ) dtde.

From the definition of v this implies (since dv; / or=0on|x|<¥)

(5.3) fB .
2¢ " De

We also can estimate

=2 2 1—3 2e 2
meBr |d;vs  [Pdx < cie f fsl_lldgm (p, £) dtdr.

2
0v;,

2
dx < EI_ZSI_I/ 3‘00
or B,~B;

or dx.

Changing variables we get

(5.4) fB r‘zldgvs,elldxsczej; r2)d,os|* dx.

2e (3 1

~ B

2e

Combining (5.2), (5.3) and (5.4) we get
(5.5) E\(vs,)<(1+ce+e"28"")E(v,) + c38f | dv, >+ &72E (u,).

Now, given a map v: B! X B! - N, which agrees with « on the boundary,
we apply (5.5) on each R’ slice (with x” fixed) and integrate over B /. We use
the notation | dW |* =|d'W|* + | d"W|* for a map W(x', x"). We have from
(5.5)

I |d"0s . [2 dx'dx” < (1 + ce + /728" ) [ |d’v [2
B{xBr~! BIx B!

5.6 <8 d'o + &2 du?.
( 3
aB{x By~ B{x B!
From the definition of v; , we can estimate
) :
f |d"v, [P dx’ < c e/ f ¢ f |d"vs|? (p, &, x") dtdr.
B! * e Jsi

Changing variables we get

fB |d"vs > dx’ <c4e(f |d"v de'+f | d" v, |2dx’)

28
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We also see that [p | d"v; Pdx’ < 8f3p,1d"v |. Combining with (5.6) we then
have

[ | dvs,, [? dx'dx” < (1 + cse + 728" ) [ | do |2 dx'dx”
Bixpp! ’ BixBr-!
+c5d |dof? + 2 | du 2 dx'dx”.
Bix B! BIxBp~!

We can choose 8§ so that

8 |do 2 <2 | dv |2 dx’dx”.

aBix B! BisxBp~!

Thus we can choose ¢, 8§ small so that
5.7 dos |*Pdx < do|*dx +
(5.7) Jopperi doncldx s [ o dx 4

for any given 7 > 0. The point is we have from the above construction vs , = u
on (B! X B}™') as well as vs, = u on B} X B}, a neighborhood of § = {0}
X B?~!. Since by Proposition 4.6, u; converges uniformly to u away from §, it
is obvious that ¥ minimizes on each compact subset of R” ~ §. Therefore we
have

dul*> < dvs 2.
Jypmped 0= [ e onl
By (5.7), since 7 is arbitrarily small we have

f |duf < ldv?,
! -1 / n—1{
B{x B} B! B

and u is minimizing. Applying Lemma 5.1 successively, we get that u, is
minimizing, and this finishes Lemma 5.2.
We now return to Hausdorff measure, and define for E C R", s = 0,

#(E) =int( T EC U B,(x)].

Following {7], we observe that for any E

(5.8) P(E)=0«H(E)=0.

We also need the following density result (see {6,2.10.19(2)])

(5.9) lim A*¢*(E N B{(x)) = ¢, >0
A-0

for ¢° a.e. x € E. We need the following result on the behaviour of ¢* under
weak convergence.
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Lemma 5.3. Suppose u, is a sequence in X, which converges weakly to u in

L¥(B?!, N). If §;, S denote the singular sets of u,, u respectively, then we have
‘Ps(g n Bf/z) > Tim (PS(Si n B;'/z)
i=0

for any s = 0.

Proof. For any ¢>0, let {B,(x,)} be a covering of &N B}, by balls
satisfying

2r<¢(SNB,) +e

Now the set K = Ef/z ~ U, B’(x;) is compact subset of E{‘/Z ~ 9, so by
Proposition 4.6 it follows that for j sufficiently large, the map u; is smooth on
K. Thus we have

Sj N B;'/z - U Br':(xi)

for j large. In particular we have
#(8NB7,) <g(SNBJ,)+e

for any € > 0, j large. This gives the conclusion of Lemma 5.3.

Proof of Theorems 11 and IV. Suppose u € L*(M, N) is E-minimizing with
singular set & Cint M. Let 0 < s <n — 2 be such that ¢(§) > 0. Then by
(5.9) we can choose p, € & such that

(5.10) lim Xe(SnBp )>0

for a sequence A; — 0, where B, is taken in normal coordinates x centered at
Do- We look at the scaled maps u,(x) = u(Ax). By Proposition 4.7 we can
choose a subsequence of A;, call it A;, so that , converges weakly in
L3(B?, N) to a harmonic map u,, strongly in L}(B],,, N), where u, satisfies
du,/0r = 0 ae. If S, denotes the singular set of u, in B, we clearly have
SxN B}, ={x/A:x E&N B} and hence ¢’(§, N B},)=A’¢(&N
B3 ,,)- Thus (5.10) implies

)}ii_rpo<p3(5,\’ N B;,) >0.

Thus by Lemma 5.3 we have
#*(& N Bf/z) >0.

Since du,/dr = 0 a.e., we have AS, C §, for any A =0, and there are two
possibilities: either we have s < 0, or we can choose a point x; € §, N 3B} by
(5.9) such that

Hm A50#(S, N BY(x,)) > 0.

A=0
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We choose Euclidean coordinates centered at x, so that x' is radial at x,.
Repeating the above argument at x, we get a radially independent harmonic
map u; € L2, (R", Ny) with ¢*(§, N BY) > 0. Since u, satisfied du,/dr = 0,
it follows that du,/3x' = 0 a.e. If s — 1 <0, we stop. Otherwise, there is a
point x, € §, N 3BT, R""! = {(0, x%,- - -,x")} and we repeat the argument
at x,. If we repeat this procedure m times, we get harmonic maps u; €
L3, (R", Ny) for j=1,---,m such that u;| B] € J(, , for suitable B (see
Proposition 4.7) and 9u;/3r = 3u//3x* = 0 a.e. a = 1,---,j. Also we would
have ¢*(§; N BY) >0 for j = 1,- - -,m. We can repeat the argument until we
have s — m < 0. In order to have constructed u,,, we must have had s — m + 1
>0. Since s<n—2, and m is an integer we then have m<n — 2. If
m = n — 2, then we would have §_, D R" ™2 = {(x!,--+,x"72,0,0)} contradict-
ing the fact that 3("%(§_) = 0. Therefore we have m <n — 3, and hence
(8, N BY) =0 for t > n — 3. Since ¢°(5,, N BY) >0, we have s<n — 3,
and since s can be any number smaller than dim & we have shown dimS < n
-3

If we make the additional assumption that for j = 1,---,/ we have no
nontrivial MTM from R/ - N,, then we can say more. If m = n — 3, then we
have u,, € L2, (R", N,) such that u,, | B} € I, 5, and u,(x’, x”) = i,,(x")
for x’ € R"3, x” € R® where ii,, has an isolated singularity at x” = 0.
Therefore, by Lemma 52, 4,, € L%,,(R?, N,) is an MTM and hence trivial by
assumption. Thus we had m < n — 4. We can repeat the same reasoning for
m=n—4,---,n— [ and we conclude that m < n — I — 1 which then implies
s<n—I!—1lforanys <dim& and hencedim& <n—171— 1.

Finally, suppose we had n=1/+1 and 5+ &. If p, €S and u, €
L{IOC(R", N,) is a blown-up harmonic map at p,, then the above argument
shows that u, has singular set 5, = {0} and ug is an MTM. If there were a
sequence p; € S with p, — p,, then we could choose A(i) = 4 dist( p;, p,) and
consider the scaled maps u,.;, € L}(B}, Ny). By the choice of A(i), we have
Sagy N 0BT, # B for each i. Since the limit u, has an isolated singularity at
0, this contradicts Proposition 4.7. Therefore § is discrete. The same argument
shows that, in general, for n = 3 either & = & or S is discrete. This completes
the proofs of both Theorems II and IV.
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